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We show that there are, up to a trivial equivalence, precisely six theorems of the 
following form: If  the vertices of a graph G are coloured red and white in such a 
way that no chordless path with four vertices is coloured in certain ways (specified 
by the particular theorem), then G is perfect if and only if each of the two sub- 
graphs of G induced by all the vertices of the same colour is perfect. One of these 
theorems was proved earlier by Chvatal and Hoang; the remaining five are new. 
0 1990 Academic Press, Inc. 
1. RFSULTS 
Claude Berge proposed to call a graph perfect if, for each of its induced 
subgraphs F, the chromatic number of F equals the largest size of a clique 
in F. It is natural to ask 
“Are perfect graphs in NP?” (1) 
* This research was carried out while all three authors were at McGill University. Lenhart 
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At present, the answer to (1) is unknown. However, there are many decom- 
position theorems for perfect graphs. Each of them makes some assumption 
on the structure of G and concludes that G is perfect if and only if certain 
(typically two) induced subgraphs of G are perfect. Some such theorem 
might possibly provide an affirmative answer to (1). 
One decomposition theorem, presented by Chvatal and Hoang [3], goes 
as follows: If the vertices of a graph G are coloured red and white in such 
a way that every (induced) P, has an even number of red vertices, then G 
is perfect if and only if each of the two subgraphs of G induced by all the 
vertices of the same colour is perfect. Note that the hypothesis of this 
theorem imposes a set of constraints on the ways in which each P, may be 
coloured; it is conceivable that some other set of constraints could be 
substituted in the hypothesis so that the conclusion would remain valid. 
We can ask 
What sets of constraints on the ways in which each P4 can 
be coloured have this property? (2) 
It was this question that motivated our work. To present the answer, we 
need the following notation. Let G be a graph whose vertices are coloured 
red and white. We shall say that a P, in G with vertices a, b, c, d, and edges 
ab, bc, cd is of type 
1 or RRRR if a, b, c, d are red, 
2 or WRRR if a is white and b, c, d are red, 
3 or RWRR if a, c, d are red and b is white, 
4 or RRWW if a, b are red and E, d are white, 
5 or RWRW if a, c are red and b, d are white, 
6 or RWWR if a, d are red and b, c are white, 
7 or WRRW if a, d are white and b, c are red, 
8 or RWWW if a is red and b, c, d are white, 
9 or WRWW if a, c, d are white and b is red, 
10 or WWWW if a, b, c, d are white. 
With this notation, the theorem of Chvatal and Hohng can be stated as 
follows: 
THEOREM 1 [3]. Zf the vertices of a graph G are coloured red and white 
in such a way that there is no P4 of type WRRR, RWRR, RWWW, or 
WRWW, then G is perfect if and only if each of the two subgraphs of G 
induced by all the vertices of the same colour is perfect. 
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We shall prove the following live additional theorems of this kind: 
THEOREM 2. If the vertices of a graph G are coloured red and white in 
such a way that there is no P, of type RRRR, RWWR, WRRW, or 
WWWW, then G is perfect if and only if each of the two subgraphs of G 
induced by all the vertices of the same colour is perfect. 
THEOREM 3. If the vertices of a graph G are coloured red and white in 
such a way that there is no P, of type WRRR, RWRR, RWWR, WRRW, 
or WWWW, then G is perfect tf and only if each of the two subgraphs of G 
induced by all the vertices of the same colour is perfect. 
THEOREM 4. If the vertices of a graph G are coloured red and white in 
such a way that there is no P, of type WRRR, RWRW, RWWR, WRRW, 
or WWWW, then G is perfect tf and only tf each of the two subgraphs of G 
induced by all the vertices of the same colour is perfect. 
THEOREM 5. Zf the vertices of a graph G are coloured red and white in 
such a way that there is no P, of type WRRR, RWRW, RWWR, WRRW, 
or RWWW, then G is perfect if and only if each of the two subgraphs of G 
induced by all the vertices of the same colour is perfect. 
THEOREM 6. If the vertices of a graph G are coloured red and white in 
such a way that there is no P, of type WRRR, WRRW, or WRWW, then 
G is perfect if and only if each of the two subgraphs of G induced by all the 
vertices of the same colour is perfect. 
In a sense which we are about to explain, Theorems 1 to 6 provide 
a complete answer to (2). First, let us make (2) rigorous. Write 
T= (1, 2, . . . . lo}. We shall say that a subset S of T is admissible if the 
following theorem holds: 
TEMPLATE THEOREM. If the vertices of a graph G are coloured red and 
white in such a way that there is no P, of type i with ie S, then G is perfect 
if and only tf each of the two subgraphs of G induced by all the vertices of 
the same colour is perfect. 
Now (2) can be formulated by asking 
“What are all the admissible subsets of T?” 
Theorems 1 through 6 assert that the following sets are admissible: 
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s,= (2, 3, 8,913 
S,= {1,6,7, lo>, 
&= (2, 3,6, 7, lo}, 
&= (2, 56, 7, lo}, 
Ss = (2, 576, 7, 8}, 
S6 = (2, 7,9}. 
Furthermore, observe that switching colours preserves admissibility. More 
precisely, let f be the permutation of T defined by 
i 1 2 3 4 5 6 I 8 9 10 
f(i) 10 8 9 4 5 7 6 2 3 1 
Clearly f(S) is admissible whenever S is admissible. In addition, by 
LovPsz’s Perfect Graph Theorem [S] (stating that complementing pre- 
serves perfection), complementing preserves admissibility. More precisely, 
let g be the permutation of T defined by 
il 2 3 4 5 6 7 8 9 10 
g(i) 1 3 2 5 4 7 6 9 8 10 
Then g(S) is admissible whenever S is admissible. These observations imply 
that the following sets are also admissible: 
S,=f(s,)= {L&7,8,9>, 
S,=g(S,)= (3,4,6,7, lo), 
S,=f(SB)={1,4,6,7,9), 
S,o=f(Xd= {1,5,6 7,8}, 
S,, =g(S,)= {3,4,6,7,9>, 
s,,=f(&)= {3,W3}. 
We claim that any admissible subset S of T contains some Si with 
1 < i < 12. To justify this claim, observe first that none of the following 
three sets is admissible: 
M,= {L&4, 5,6, 839, lo>, 
M, = (1, 2, 3, 4, 5, 6, 71, 
M, = { 1, 3, 5, 6, 7, 9). 
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(To see that M, is not admissible, consider the chordless cycle with nine 
vertices coloured RRWRRWRRW. To see that M, is not admissible, 
consider the chordless cycle with five vertices coloured WWWWR. To see 
that M, is not admissible, consider the chordless cycle with seven vertices 
coloured RRRWWWW.) Now we may conclude that the following sets are 
not admissible either: 
Md=fW,)= (1, 2, 374, 5, 7, 8, lo>, 
M, =g(M,) = { 1, 394, 5, 7, 8, 9, lo}, 
M, =fW,) = f L2, 3,4,&k 9, lo>, 
M, =fW,)= (4, 5,6,7,8,9, lo>, 
M, =fW3) = (3,5,6,7,9, lo>, 
M,=g(M,)= (1, 294, 6 7, 81, 
M,, =fW,) = {2,4,6 7, 8, lo). 
Trivially, S is admissible only if it is contained in none of M, , M2, . . . . M,,. 
Finally, it is a routine but tedious matter to verify that every S contained 
in none of M,, M,, . . . . M,, must contain at least one of S,, SZ, . . . . S,,. 
We shall close this section by observing that, for every graph G satisfying 
the hypothesis of Theorem 2, each of the two subgraphs of G induced by 
all the vertices of the same colour is P,-free and hence perfect (by a 
theorem of Seinsche [8]). It follows that G is perfect. (Note incidentally 
that this theorem generalizes Theorem 1 in [4].) 
2. Toots 
Our proofs rely on the following two properties of minimal imperfect 
graphs. 
First, a star-c&set in a graph G is a nonempty set S of vertices such that 
some vertex in S is adjacent to all the remaining vertices in S and such that 
G - S is disconnected. 
STAR-CUTSET LEMMA (Chvatal [2]). No minimal imperfect graph contains 
a star-cutset. 
Next, an euen pair in a graph G is a pair x, y of nonadjacent vertices of 
G such that all chordless paths joining x and y in G have an even number 
of edges. 
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EVEN PAIR LEMMA (Meyniel [6]; see also Reed [7]). No minimal 
imperfect graph contains an even pair. 
Two corollaries of the Star-Cutset Lemma are worth pointing out. First, 
let Q be a set of vertices in a graph G and let v be a vertex outside Q. We 
shall say that v is Q-universal if it is adjacent to all the vertices in Q, that 
it is Q-null if it is adjacent to no vertices in Q, and that it is Q-partial if it 
is neither Q-universal nor Q-null. By a homogeneous set in a graph, we 
mean a set Q of vertices such that there are no Q-partial vertices, there are 
at least two vertices in Q, and there is at least one vertex outside Q. 
Obviously, if a graph G contains a homogeneous set then G contains a 
star-cutset or its complement G is disconnected; in either case, G cannot be 
minimal imperfect. Next, we shall say that a vertex v dominates a vertex w  
if all neighbours of w  other than v itself are adjacent to v. Again, if some 
vertex in a graph G dominates another then G contains a star-cutset or G 
is disconnected, and so G cannot be minimal imperfect. 
Vertices u and v in a graph G are called twins if no vertex distinct from 
both u and v is adjacent to precisely one of them. As observed by Burlet 
and Uhry (Lemma 5 of Cl]), every P,-free graph with at least two vertices 
contains twins. 
3. PROOFS 
In proving Theorems 2-6, we may and will assume that G has at least 
one red vertex and at least one white vertex: otherwise the desired 
conclusion is trivial. 
Proof of Theorem 2 (and Proof of Theorem 3). Let G satisfy the 
hypothesis; note that G satisfies the same hypothesis. Since the subgraph W 
of G induced by all the white vertices is P,-free, it includes twins u and v 
(see Section 2); replacing G by G if necessary, we may assume that ZJ and 
v are nonadjacent. We claim that u, v is an even pair. To justify this claim, 
consider an arbitrary chordless path w  i , w2, . . . . wk with w1 = u, wk = v, and 
k B 4. Since wi and wk are twins in W, both w2 and wk _ i are red. Now it 
is a routine matter to verify that each maximal monochromatic subpath of 
our path has an odd number of vertices. Hence k is odd. Now the desired 
conclusion follows from the Even Pair Lemma. 1 
In proving Theorems 4 and 5, we shall rely on the following auxiliary 
result. 
LEMMA. Let the vertices of a graph G be coloured red and white in such 
a way that there is a P4 of type RWRR but no P4 of type WRRR, WRRW, 
or RWRW. Then G has a star-cutset. 
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Proof: Let the P4 have vertices a, 6, c, d and edges ab, be, cd such that 
a, 6, d are red and c is white. Let N denote the set consisting of c along 
with all its neighbours except d. We propose to show that N is a star-cutset 
in G. 
For this purpose, define Q to be the set of all red vertices adjacent to b 
but not adjacent to either c or d. Since aE Q and d$ Q, we only need 
observe that no edge xy has XE Q and y# Q u N. (Assume that there is 
such an edge. To avoid a P4 of type WRRR or WRRW on c, b, x, y, we 
must have y adjacent to b. Next, to avoid a P, of type WRRR or RWRW 
on x, y, d, c, we must have y nonadjacent to d. Since y $ Q, y is white. But 
now dcby is a P, of type RWRW.) 1 
Proof of Theorem 4. Let G satisfy the hypothesis. If there is a P, of 
type RWRR, then the desired conclusion follows from the Lemma of this 
section and the Star-Cutset Lemma, else it follows from Theorem 3. 1 
Proof of Theorem 5. Let G satisfy the hypothesis. We may assume that 
there is a P, of type WRWW or RWRR (else the desired conclusion 
follows from Theorem 1); in fact, since the hypothesis is invariant under 
switching colours, we may assume that there is a P, of type RWRR. Now, 
the desired conclusion follows from the Lemma of this section and the 
Star-Cutset Lemma. 1 
Proof of Theorem 6. Let G satisfy the hypothesis; note that G satisfies 
the same hypothesis if we switch colours. Let W be the subgraph of G 
induced by all the white vertices and R be the subgraph of G induced by 
all the red vertices. We propose to show that G or G contains a star-cutset 
or else G or G contains an even pair. For this purpose note first that 
every chordless path between two white vertices 
is either monochromatic or alternating in colour (3) 
(else there would be a P, of a forbidden type). Now we distinguish between 
two cases: 
Case 1. There is an edge xy with x red and y white such that every white 
neighbour of x distinct from y is a neighbour of y. 
Let C denote the set consisting of y and all its neighbours; we may 
assume that G - C is connected (else C is a star-cutset in G and we are 
done). Let Q denote the set of all red neighbours of x; we may assume that 
Q - C # Qr (else y dominates x and we are done). Note that no edge uu in 
G - C has u$ Q, v E Q (else UVXJ’ would be a P, of type RRRW or 
WRRW); since G - C is connected, it follows that the vertex-set of G - C 
is Q - C’. Note also that no red neighbour z of y is (Q - C)-partial (else, 
as G- C is connected, z would be adjacent to precisely one endpoint of 
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some edge uu in G - C, and there would be a P4 of type WRRR on v, U, 
z, y); furthermore, we may assume that no red neighbour z of y is (Q - C)- 
null (else C- (z} is a star-cutset in G and we are done). Now all red 
vertices in C are (Q - C)-universal; hence a is disconnected. 
We shall complete the analysis of this case by observing that every two 
vertices coming from distinct components of a constitute an even pair in 
G: to see this, apply (3) to G with switched colours. 
Case 2. For every edge xy with x red and y white, there is a white vertex 
distinct from y adjacent to x and nonadjacent to y. 
In this case, we shall find either a homogeneous set or an even pair 
in G. 
We may assume that some red vertex has a white neighbour (else R or 
W is homogeneous and we are done); by assumption of this case, this red 
vertex has two nonadjacent white neighbours. Hence W is not a clique. 
Since W is not a clique, it has a subgraph Q such that Q has at least two 
vertices, Q is connected and such that there are no Q-partial vertices in W, 
consider the smallest Q with these properties. 
We may assume that some red vertex x is Q-partial (else Q is 
homogeneous and we are done); let N denote the set of white neighbours 
of x. Choose any vertex y in Q n iV. By assumption of this case, some z in 
N is nonadjacent to y; let is be the component of m that includes y and z. 
Note that P is homogeneous in W (if some white w  were adjacent to 
precisely one of u, v in P then we could choose u and v nonadjacent and, 
since w  4 N, obtain a P, of type WRWW on v, x, u, w). Since Q - P # a, 
minimality of Q guarantees that P - Q # 0. 
Since & is connected, some vertex in Q - P is not (P n Q)-universal; 
since P is homogeneous in W, this vertex is P-null. Hence no vertex in 
P - Q is Q-universal; since Q is homogeneous in W, all vertices in P - Q 
are Q-null. 
Finally, consider any vertex u in P n Q and any vertex v in P - Q. Since 
P is homogeneous in W and since no edge of G joins a vertex in P n Q to 
a vertex in P- Q, every monochromatic chordless path from u to v has 
precisely two edges. Now (3) implies that u, v is an even pair. 1 
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